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This paper presents and examines a new class of Finsler spaces known as Generalized BW-Four-
Recurrent Finsler spaces GBW-FRF,, , in which a particular recurrence relation involving non-null
covariant vector fields a_Imns and b_Imns is satisfied by the fourth-order Berwald covariant
derivative of the projective curvature tensor ﬁch- We prove that all generalized BW-recurrent
spaces are special cases of GBW-FRF,, , and we determine the necessary and sufficient conditions
for the non-vanishing of several important curvature tensors, including the scalar curvature W, the
curvature vector W, and the projective deviation tensor Wi. In the setting of GBW - FRF,
geometry, the work also provides recurrence conditions for Cartan's third and fourth curvature
tensors and the h(v)-torsion tensor. A detailed analysis is conducted of the interactions between
several higher-order curvature tensors under repeated Berwald differentiation. Significantly, the
paper shows how GBW-FRF,, structures can be used as sophisticated mathematical models for
intelligent robotic systems that operate in non-Euclidean, anisotropic situations. In robots operating
in dynamically complicated or curved settings, such geometric frameworks can improve motion
planning, adaptive control, and sensor-based navigation. The theoretical findings provide a basis
for interdisciplinary applications of higher-order Finsler geometry in autonomous systems and
advanced robotics.
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Introduction
Finsler geometry,

as a natural extension of Riemannian

recently, robotics, owing to their directional sensitivity.
Traditional Euclidean or Riemannian models frequently fail

geometry, offers a versatile framework for modelling
geometric systems where direction-dependent properties are
crucial. Finslerian methodologies are especially beneficial for
applications in control theory, optimization, and, more

to capture the complex spatial correlations and irregularities
found in real-world settings in robotic systems, particularly
those navigating in complicated, anisotropic, or non-
homogeneous environments. Finsler spaces, on the other
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hand, provide more accurate modelling of such processes,
especially when the underlying geometric structure displays
non-symmetric features and higher-order relationships.

The examination of recurrent and generalized recurrent
structures, which illuminate the stability and symmetry
properties of the geometric milieu, has garnered attention due
to recent advancements in Finsler geometry. Higher-order
recurrence relations using curvature tensors are particularly
relevant due to their capacity to model dynamic behaviour in
complex systems. Higher-order recurrent Finsler spaces can
be investigated in the context of robotics to assist model
robot kinematics and dynamics in scenarios where motion
planning and control techniques are impacted by curvature-
related limits.

In this work, we offer the idea of Generalized BW-Four-
Recurrent Finsler spaces, or GBW-FRE,. These spaces are
defined by a recurrence relation involving two non-null
covariant vector fields, a;,ns and by, . that is satisfied by
the fourth-order Berwald covariant derivative of the
projective curvature tensor j}'m . We expand the current
theory to a wider context by demonstrating that the classical
BW-recurrent spaces are special examples of the GBW -
FRE, class. Additionally, we examine the behavior of a
number of related curvature objects, such as the scalar
curvature W, the projective deviation tensor W, and the
curvature vector W, .

We also determine the circumstances in which these tensors
are non-vanishing.

Our findings also give sufficient and necessary conditions for
the h(v)-torsion tensor and Cartan's third and fourth curvature
tensors to recur in the GBW-FRE, framework.

Furthermore, we investigate the connections between
compound curvature tensors when fourth-order Berwald
differentiation is applied.

These insights have potential for boosting robotic modelling
frameworks in addition to being theoretically exciting in
differential geometry. Specifically, a strong mathematical
basis for predicting the implications of anisotropic and
directionally dependent limits in robot mobility is provided
by the proper description of fourth-order curvature
behaviours. These findings could aid develop realistic robotic
simulators that can function in geometrically challenging
settings, more robust navigation systems, and adaptive
control techniques.

The findings of this work supply accurate analytical tools for
the study of fourth-order geometric recurrence and open new
avenues for a deeper knowledge of complicated geometric
structures in Finsler spaces. This helps create mathematical
models for intelligent robotic system simulation that are more
realistic. Robots functioning in non-homogeneous situations,
such as uneven terrain or places with complicated directional
fields, can be defined statistically utilizing the attributes
presented inside the GBW-FREF, structure. Additionally, this
structure could boost the efficacy of adaptive motion
planning and autonomous navigation algorithms in mobile or
cooperative robots.

Further applied research at the nexus of differential geometry
and intelligent systems may be made possible by
incorporating higher-order geometric recurrence concepts
into simulation and control systems, which could represent a
major advancement in the design of robots capable of
interacting with real-world environments.

Motivation and Objectives

In instances when typical Riemannian structures are

insufficient for modelling intricate, anisotropic environments,
recent advancements in differential geometry, notably in
Finsler geometry, have generated important tools. The rising
requirement for advanced mathematical frameworks capable
of properly defining and modelling the dynamic behaviour of
intelligent robotic systems acting in non-Euclidean or
direction-dependent environments is the driving force behind
this study. A promising basis for such applications is
provided by the invention and investigation of Generalized
BW-Four-Recurrent Finsler spaces GBW-FRE,. In addition
to advancing theoretical knowledge of higher-order
geometric structures, the fourth-order Berwald recurrence
relations examined in this work have applications in robotics,
particularly in situations requiring adaptive motion planning
and navigation in irregular or non-homogeneous
environments. In instances when typical Riemannian
structures are insufficient for modelling intricate, anisotropic
environments, recent advancements in differential geometry,
notably in Finsler geometry, have generated important tools.
The rising requirement for advanced mathematical
frameworks capable of properly defining and modelling the
dynamic behaviour of intelligent robotic systems acting in
non-Euclidean or direction-dependent environments is the
driving force behind this study.

From a robotics viewpoint, the properties of GBW- FRE,
spaces may be exploited to develop more realistic models for
robot kinematics and control, especially for mobile robots
operating in fields with directional curvature or on shifting
terrains. Furthermore, the recurrence of higher-order
curvature tensors might increase the robustness of algorithms
for autonomous decision-making, obstacle avoidance, and
trajectory prediction. Consequently, this work has two basic
goals:

1. To explore the intrinsic curvature properties of GBW-FRE,
spaces and provide a rigorous theoretical framework for them.
2. To investigate the intrinsic to establish their promise as a
mathematical foundation for forthcoming developments in
intelligent systems design and robotics.

Finsler geometry has witnessed significant development in
the study of non-Riemannian geometric structures,
particularly in the analysis of curvature tensors, recurrence
properties, and higher-order geometric spaces. The
foundational framework of Finsler differential geometry
established the mathematical basis for studying geometric
structures, geodesics, and curvature properties in Finsler
spaces [20]. Subsequent studies introduced and developed
recurrence and decomposition concepts for tensor fields in
generalized Finsler spaces [3,21]. Particular attention was
subsequently devoted to higher-order recurrent Finsler
spaces, with emphasis on curvature tensors and Cartan’s
curvature tensor and their associated differential properties
[1,4,7]. This line of research was further extended to
birecurrent Finsler spaces through the investigation of
recurrence relationships involving various tensor fields [2].
Moreover, higher-order derivatives associated with the
Berwald and Cartan connections were employed to
investigate the structural properties of curvature tensors in
Finsler spaces [5]. More advanced formulations considered
the decomposition of generalized recurrent tensor fields of
higher order, providing broader mathematical frameworks for
characterizing complex Finsler structures [6]. In addition, the
M-projective curvature tensor was investigated within
generalized recurrent and birecurrent Finsler spaces,
contributing to the understanding of projective curvature
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structures under recurrence conditions [8]. Parallel
developments have addressed broader geometric and
analytical aspects of Finsler geometry, including curvature
and hyperbolic flows associated with natural mechanical
systems [14], uniformization problems in complex Finsler
geometry [15], nonlinear spectra of Finsler manifolds [16],
and comparison principles in Finsler geometry [17]. The
scope of Finsler geometry has also expanded toward modern
physical and engineering applications, including Finsler
spacetime geometry [18], generalized nonlinear and Finsler
geometry in robotics [19], higher-spin theories [23],
Finslerian wormhole models in modified gravity [25], and
Lorentz-violation phenomena [26-30]. In parallel, tensor-
based mathematical modelling has been applied to
engineering problems, including spatial elasticity tensors
[11], study on Generalized BK-5th Recurrent Finsler Space
[12], and nonlinear stress estimation using computational
methods [10]. More recently, higher-order recurrent Finsler
geometry has been connected with anisotropic flow
modelling and computational fluid dynamics (CFD),
demonstrating the potential of higher-order geometric
structures for describing complex engineering systems [9].
Despite these substantial developments, a comprehensive
mathematical framework integrating higher-order generalized
recurrence conditions with multiple curvature tensors and
their differential relationships remains an important area of
investigation. Such a framework may provide new theoretical
insights into the structural properties of recurrent Finsler
manifolds while also establishing a stronger mathematical
foundation for advanced applications in anisotropic
modelling, computational mechanics, and intelligent
engineering systems.

Collectively, these investigations demonstrate a clear
progression from classical recurrence conditions toward
generalized, birecurrent, and higher-order tensorial structures.
Nevertheless, a systematic framework capable of integrating
these higher-order recurrence conditions, particularly
generalized four-recurrent structures and their associated
curvature tensors, remains insufficiently developed. This gap
motivates the present study, which aims to establish a more
comprehensive geometric framework for higher-order
generalized four-recurrent Finsler spaces and to investigate

the corresponding curvature and tensorial properties.

By capturing the fourth-order Berwald recurrence of the
projective curvature tensor and examining its effects on
different curvature components, this new structure offers
insights that could advance the theoretical framework of
Finsler geometry as well as its applications in physics and
robotics.

Let 9;; and Gk represent the components of the Finsler
metrlc tensor and the coefficients of Berwald's connection,
respectively. Regarding the directional arguments y, these
numbers are positively homogenous of degree zero. Because
of this homogeneity, the supporting elements y; and y* have
the following fundamental identities:

a) yj ='gijyi
b) y;y'=F? @)
o) &yl =yk

The standard orthogonality criterion is satisfied by the metric
tensor g;; and its inverse g%/
ma=dt={y G ik
where 8 is the Kronecker delta
The identities are satisfied by the (h)hv-torsion tensor C;j ,
which has the following definition:

Cijie =%3i ik =%aiajakF (3)
a) Chy/ =Ci;y/=0 andb) Cyy/ =0 4
A generic tensor field Tji Berwald covariant derivative By,
with regard to x* is as follows:

BT = 0kTy = (0,T)) G + T/ Gy — TGy ®)
Additionally, the Berwald derivative disappears in the same
way for the vector y* and the fundamental metric function F.
a) By,F =0 and b) By'=0 (6)
Nevertheless, the metric tensor g;; Berwald derivative does
not disappear and is provided by:

Biegij = =2 Cjian Y" = =2 y"BpCyji @)
The following definitions apply to the projective curvature
tensor j}'m , the projective torsion tensor jl}{ , and the
projective deviation tensor Wji (also known as Weyl-type
projective tensors)

@

2 6 st . st . (8)
Wjien = Hjn + 2 Hingg +n+16 Hyony + =< (n Hjp + Hpj + 7 0jHpy = =" (n Hjy + Hyj + y70;Hyy) )
f 9
VV]Lk_ Hjlk ij]+2{n2 1(nHk yer]r)} ( )
W} =H -H 5; —(0,H] — 6;H) y' (10)
These tensors satisfy the following relations: 1
&) Wiy =Wy . b) Wiy =Wi, o W,=W, and d) Wi=w . (1)

With regard to its final two indices, k and h, the tensor
is skew-symmetric.

Additionally, similar higher-order tensorial forms are used to
define Cartan's 2" curvature tensor (the hv-curvature tensor),
Pl,, and its associated tensors, such as the (v)hv-torsion

Pl = 0Tt + CluPi = Cle or equivalent by

i
ikh

tensor, Ricci tensors, curvature vector, scalar curvature, and
the third and fourth curvature tensors R}y, and K, . In order
to formulate higher-order recurrent Finsler spaces, these
tensors must adhere to a number of symmetry constraints,
Bianchi identities, and homogeneity relations

Pjikh = 3,1 Fj*kl + C Ckms y C]Lmk , or Pjikh = C}ihu - g C}khlr + Cj?;cP;'h - P]?;zcvék . (12)
a) lek‘h y = I?inv b) gz‘r jkh = Pijkn » €) Grp Pen = Pipn, d) P ﬂa =Py and e) P; = Py

a) Rip =Tnj + (Fﬁk) G, + Cl n(Gih — GILGR) + Ty Lt —k/h

b) Rékhyj = Hip, =Kjikhy , ) Rypy'=H, , d) Rypy*=R ., h) RI =R, (13)
e) jkL:Rjk g f) HLyI_Hi_(Tl_l)H and g) H]ka]:Hch o

a) Ky; =0T+ ( 0, I ) Gi + Lo Tt — j/k and b) Kjxn = — Kink (14)
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Q) Kiny =Hi, and b) Hbp, = Kiy +y™(9; Khyn)
K +Kil;.jk +Kipj =0
Q) K=Ky , b) Kypy*=K; , ¢) Kyy/=H, and

BW-Four-Recurrent spaces that are generalized

We officially describe and characterize a new class of Finsler
spaces, which we call Generalized BW-Four-Recurrent
Finsler spaces GBW-FRE,, based on the previous research
and the established relations. The fourth order Berwald
covariant derivative (the outcome of applying Berwald's

B B B BlVV]kh - almns ]kh +blmns(5hg]k 5kg]h) ZblmnB (6}1 ks 6}( hs)yq -

2blm Bqu (athkn - 6ijhn) yq -2 blns

51ichhm) y9 = 2bB;B, B, (6;‘1Cjkm - 6}ichhm)yq

where a; s and by, are non-zero covariant vector fields.
Result 2.1. Every generalized BW-recurrent Finsler space is
a special case of a generalized BW-Four-Recurrent Finsler
space.

Definition 2.1. A Finsler manifold in which the projective
curvature tensor ]-;'(h satisfies the condition (18) is called a
generalized-fourth-recurrent Finsler space. We denote such
spaces by GBW-FRE, .

Transvecting (18) by y/, and using the identities (1a), (4b),
and (11a), one obtains:

By B BB Win, = Qimns Wi + bimns (81 Yk — 81 Vn) (19)
Further contracting by y*, and using (1.1b), (1.2), and
(1.11b), yields:

BB, BB, Wf: = Qunns Wf: + bimns (6;1 F? =YY% (20)

Accordingly, we deduce the following theorem.
Theorem 2.1. In any GBW-FRE, space, the fourth-order
Berwald covariant derivative of the projective torsion
tensor Wy, and the projective deviation tensor Wy
satisfy the recurrence relations given by (19) and (20),
respectively.
Contracting indices i and h in (19) and (20) applying
(1.1b), (2), (11c), and (11f), we obtain:

BB, Bin B Wi = Qumns Wi + (n = 1) by yk (21)

BsBn BB W = Qumus W + (n— 1) byps F (22)
These relations demonstrate that both the curvature vector W,
and the scalar curvature W must be non-zero, since their
vanishing would imply ap,s =0 and by =0

Amns ]kh+blmns(6hg]k 6kg]h) ZblmnB (5}1 jks 6}( hs)y

2 blmB B (8h Jjkn
8;( thm) yq -
By reorganizing terms and using (3.1), the equation reduces to:

61{ jhn) y -2 blns (6}1 jkm 6}( jhm) y

BSBanBl R;kh = almnsRJi'kh'l' blmns (6fil.gjk - 6licgjh) - zblman (6}1'16‘]%5 - 6}ic}hs) yq -
- 6llccjhm) yq -
—Yjk Ry, ) -

2blm BSBq (&iCﬂm - 6;‘( thn) yq -2 blns Bp (6filcjkm
8Iic thm) yq - ZblBSBan (&Lllcjkm - 6Iiccjhm) yq - % Aimns (6}( th
where the ellipsis denotes symmetric terms in the covariant
derivatives involving b-coefficients and Cartan tensors Cjy,,
By B BB Rhyp =
2 blmqu( 6;1C]kn
2 blnBqu (6fllcjkm

61{ ‘]hn) yq +2 blmB B (6}1 /kn
- 6llccjhm) yq + 2 blanBq (6;1 Cjkm -

This equality holds if and only if
; Amns ( 6Iic th - gjk Rfil ) + %Ban BmBl (6IL< th -

giRi) =0

Hence, we state the following:

Theorem 3.1. Within the space GBW-FRF,, the Cartan third

curvature tensor R}'kh is generalized fourth recurrent if and

only if condition (27) is satisfied.

(27)

Bp( 6thkm - Sijhm) yq - 2blnBqu( 6thkm - 6lichhm) yq - 2blanBq (6’!16}](771 -

Aimns 1kh+ blmns(6h91k 6kg]h) G
6}( ].hn) y + 2 blns Bp(S;LC}km
(SILchhm)yq + 2blBanBq (6;1(:]'km -

(16)
d) Kpeg™ =K . (17)
differential operator sequentially with respect to x!, x™, x™
and x°) is represented as B;B,B,,B; . The following
recurrence relation describes how this operator functions on

the projective curvature tensor ]kh .

2 blmqu (6}!16}kn - 6Ii<thn) yq -

(18)

contradicting the definition of a GBW-FRE, space.
Accordingly, we deduce the following theorem.
Theorem 2.2. In any GBW - FRF, space, the curvature
vector W, and the scalar curvature W are non-vanishing, in
accordance with relations (21) and (22).

Necessary and Sufficient Conditions for Generalized
jlkh

In this section, we determine the sufficient and necessary
criteria for some tensors to be generalized recurrent in the
context of the generalized BW-four recurrent Finsler space
GBW-FRE,.
Consider a 4-dimensional Riemannian manifold V,, where
the tensor of projective curvature R}kh (Cartan’s third
curvature tensor) is defined as:
Wikn = Rjn + %(51? Rin — gji Rh) (23)
Applying the Berwald’s fourth-order covariant derivative to
equation (3.1) with respect to x*, x™, x™ and x° sequentially,
yields:
BanBmBl M/ﬁch = Ban BmBl R;kh

1 . . (24)

+ ngBn BmBl (allc th —Ijk Rfll)

Substituting the generalized BW-four recurrent condition
(18) into (24), we derive a complex expression involving the
covariant derivatives of R}kh, the metric tensor g, and other
associated tensors.

-2 blmqu '(6}1'16‘]'kn
-2 blnBqu( 6;1(:}'km -

_'6ll'<cjhn) yq - ]
allcc}'hm) yq -2 blanBq (51116}'km -

. . . 1 . f
2 blBSBan (6fllcjkm - 6Ilccjhm) yq = Ban BmBl R}kh + ngBn BmBl (6}( th —Yjk R}lz)

(25)
2 blmqu (Siizcjkn - SIichhn) yq -
2blnBqu (6;'1(:}'km - all'ccjhm) yq -2 blanBq (5}i16}'km -
BBy BBy (6k Rin — gju R}
This shows that

] Sliccjhs) yq +
Sllccjhm) yq

2blman (6iiLCjks -
(26)

By transecting (25) with y/ and employing identities (1a),
(4b), (13b), and (13c), we obtain the Berwald covariant
derivative relation for the h(v)-torsion tensor Hkh

B B B BlHkh _almnsHkh+blmns(6h Yk — 5}( yh)_

28
3 almns (6}( Hh Yk Rh)_ngBanBl(Sk Hh Yk Rh) ( )
This shows that
B;B, BB, Hllch = Qimns Hllch + bimns ( 6;1 Vi — 5;( yh)
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Provided that
almns(aliHh_ykRiiL) +BanBmBl (6;1 yk_éli yh) =0 (29)
This leads to:
Theorem 3.2. The Berwald covariant derivative of order
fourth of the h(v)-torsion tensor H., is generalized fourth
recurrent if and only if condition (29) holds in GBW-FRF,,.
Transvecting (28) by y*, using (1b), (1c), (1a), (13g), we get
BsBnBnB) H}L1 = Qimns H}L1 + blmns (6;1 F? - Yh yi) -
> Qns (Hy y' = F?RY) — < BoBy BBy (Hyy' — F?R},)
This shows that

(30)

73anBmBl Hiiz = Qimns Hfiz + blmns (6;1 FZ —Yn yk)

If and only if

BBy BBy (Hny' — F?Ry) = Qpns (Hpy' — F?R,)  (3D)
These it concluded the following
Theorem 3.3. In GBW-FRE, , Berwald covariant derivative
of the orders for the deviation tensor HY is generalized
fourth recurrent if and only if the condition (27) holds good.
Finally, contracting indices i and h in equations (27), (28),
and (30) and applying related identities (2), (1b), (4a), (13e),
(13c), (13h) and (13f), lead to:

BanBmBl Rjk = Qimns Rjk+ blmns (Tl - 1) Ijk — 2 blmn Bq (TL - 1) Cjks yq -2 blms Bq (Tl - 1) Cjkn yq -2 blm Bqu (Tl -

D Cin ¥ = 2 bins By(n — 1) Cjj ¥ — 2b;, BsBy(n— 1) Cikmy? — 2b;sBpBy(n — 1) Ciymy? — 2 byBsBrBy(n — 1) Cikmy1? (32
—i Qmns (Rjx — gjx R) — iBan BB (Rjx — gk R)

BBy Bm By He = Qimns Hic + bymns (0 — 1) yic —§ Amns (He = YicR) —é BsBpBmBi(H — Yk R) - (33)
ByBy By B1 H = pns H + bimns F2 = Qumns (0= 1)H — F2R) = S BB, BBy (n— 1)H — F?R) (34)

This following is derived Rin = Kfin + C} Hpy, (35)

Theorem 3.4. In GBW-FRF, , the R-Ricci tensor R, , the  Using (35) in (23), we get

o vt b e s ont 5%y ik aa)

Compound Derivations

It is known that Cartan’s third curvature tensor R}kh and
Cartan’s fourth curvature tensor Kjikh are connected by the
formula

Taking covariant derivative of fourth order (Berwald’s
covariant derivative) of (36), with respect to x!, x™, x™ and
x5, successively, we get

By By BnBiWin, = BsBnBunBiKjyp, + (BsBy BB, Clr ) Hhye + (BuBmBiC) (BsHry)

+ (BSBmBleir)(BnH;;k) + (BmBleiﬂ)(Bs'BnH}?{k) + ('BS'BnBleL;f)(BmH}Ck)

+ (B,B,C},) (BB Hyy) + (BsB,C}, ) (ByBiHyy) + (B, Cly ) (BsBy By Hry)

+ (BB B}, ) (BiHyy) + (BuBmC}, ) (BsBiHy) + (BsBnCr ) (ByBiHiy) 37)
+ (BnC}, ) (BsByBiHyy) + (BsByCl) (BmBiHyy) + (BnClr) (BB BiHiy)

+ (BsC},) (BuBnBiHy) + (CL) (ByBy By BiHE ) + 5 BBy BBy (SLRjn — 9 jicRE)

Using the condition (18) and (36) in (37), we get

BanBmBl K]Lkh = Qumns K;kh + Qimns C]%*H;;k +% Amns (6}{ th —Yjk Riil )

+ blmns(afl‘lgjk - 6Iicgjh) - Zblmn Bq (6;‘1Cjks - 6ll'<cjhs)yq -2 blmqu (6}1'1(:]'){11 - 6IL'<thn) yq

—2 blm Bqu(afl‘lelm - 611;: thn) yq -2 blns Bp (6}11 Cjkm - 6ll'ccjhm) yq

—2 blnBqu (6filcjkm - 6}( thm) yq - ZblanBq (6}1'1Cjkm - 5}'{thm) yq

—2 byByBy By (84 Ciom — Ok Cinm)Y? — (BsBy B BiCl ) Hhye — (BuBmByC})(BsHpy)

— (BsBwB.C},) (BuHy) — (BwBiCL) (BB, Hyy) — (BB, B C,) (B Hhy) (38)
- (BnBl Cjir)(BsBmH;k) - (BsBleir)(BanHgk) - (Blcjir)(BanBmH}‘qk)

— (BsBuBnC}, ) (BiHii) — (BuBwCjr) (BsBiHpy) — (BsBiCf, ) (By By Hhy)

~ (BmC},) (BsByBHiy) — (BsBuC}) (BmBiHpy) — (BnC}) (BsBmBiHpy)

~(BsCL) (ByBmBiHi) = Chr (BBoBuBiHi) — 5 BsBuBuBy(SiRin — 9jRE) -

This shows that

BSBanBl Kjikh = Qimns K}kh + blmns (6fil.gjk - 6licgjh) - 2blmn Bq (6}1'16‘]%5 - 6IL'chhs)yq
-2 blmqu (8;‘16}7“1 - 6;‘( thn) yq -2 blm Bqu (6iilcjkn - 6liccjhn) yq

-2 blns Bp( 6;‘1 Ctikm - 6;‘( thm) yq -2 blnBqu (6iilcjkm - 6};thm) yq

- ZblanBq (6filcjkm - 6Iiccjhm) yq -2 blBanBq (6;.1Cjkm - 6}iccjhm)yq .

If and only if

Qimns Cjierfk + ialmns (6lichh - .gijiil) + (BanBmBleir)Hi:k + (BanBleir)(Bstk)

+ (BsBnBiC},) (BuHi) + (BnBiC} ) (BsByHiy) + (BB, BiClr.) (B Hhy)

+ (BnBleir)(BsBmerlk) + (BsBleL;ﬁ)(BanH}?;k) + (Blcjir)(BanBmH}:k)

+ (BsByBnC}, ) (BiHii) + (BnBnCjr) (BsBiHpy) + (BB} ) (By By Hhy) (39)
+ (BmC},) (BsByBiHiy) + (BsBuC} ) (B BiHy) + (BuC}) (BsBmBiHyy)

+ (BsC) (BuBnBiHiy) + Cfr(ByBy BB HE) + 3 BBy BBy (ShRjn — 9 RE) = 0

This following is derived

Theorem 4.1. In GBW-FRF,, , Cartan’s fourth curvature
tensor Kj-"kh is generalized fourth recurrent if and only if the
condition (39) holds good.

Contracting the indices i and h in the conditions (38), using

(2), (13h), (13e), (17a), we get
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. 1
BanBmBlKjk = Qimns Kjk + Qumns CjL-rHLTk + §almns (Rjk - gij) + blmns (Tl - 1) Ijk

—=2byn By (MCis — Cis)Y? = 2byns By (nCjkn — Cjkn )Y — 2bym BsBy(nCijn — Citen) ¥4
—2bins By(nCjm — Cjkm )Y — 2b1nBsBy(nCim — Cikm )y — 2b1sBy By (nCjkm — Cirem) ¥
—2 by BBy By (nCitom — Ciiom)Y? — (Bs BB BiCh)H]y, — (BB B, C}r ) (BsH,

~ (BsBnBiC}, ) (BuHj) = (BmBiC}) (BsBoHj) — (ByByBiC ) (B Hj

~ (BnBiC}, ) (BsBmHj) — (BsBiC}, ) (BuBmHj) — (BiC}, ) (Bs By B Hj

~ (BsBnBmC}r ) BiHj) = (BaBmC}) (BsBiH}y) — (BsBm ), ) (BB H})

— (BmC}, ) (BsBuBiH]) = (BsBnC}y ) (BmBiHjy) — (B, C}r) (BsBmBiHj)

- (BsC},) (BB, B H},) — C}(BsB, By B Hjy) — %BSBanBL( Rjx — g;kR)

This shows that
BanBmBlKjk = Qumns Kjk + (n - 1)blmnsgjk - 2bl‘mn Bq (Tl Cjks - Cjks) yq (40)

—2bymsBq(nCiien — Citen) ¥ — 2bym BsBy(nCxen — Cjren )Y — 2bpns Bp(nCisem — Cikem) ¥4

—2b1BsBy (nCiiem — Citm )y — 2b15By B (nCitan — Cjrem )y — 2bBsBy By (nCiterm — Cikem )y
If and only if

Amns CjierTk + galmns (Rix — gjxR) — (BanBmBijir)Hirk - (BanBLCjir)(BsHirk

- (BsBmBijir)(BnHsz) - (BmBijir)(BanHirk) - (BanBLCjir)(BmH ik

= (BaBiC}, ) (BsBpH) — (BsBiCf,) (BaBrHi) — (BiCf,) (Bs By B

= (BsBuBuC}y ) (BiH}) — (BuBuCf) (BsBit) — (BsBwC, ) (BuBiH})

= (BnC.)(BsByBiH}) — (BsByCfy ) (BBith) — (BrCir ) (BsBrBiHjy)

—(BsC}.) (B, BB H}}) — (BB, BB H}}.) — %BanBmBl( Ry —gjxR) =0

This following is derived

Theorem 4.2. In GBW-FRF,, , Berwald covariant derivative i _pi Loy i

of the fourth orders for the K-Ricci tensor Kj, is generalized ) Rj’fh = Pn + 5(6" Ryic = 8 Rin) (42)
fourth recurrent if and only if the condition (40) hold good. Using (3.1) in (4'17)' we get L

It is known that Cartan’s third curvature tensor Rfy, and Wien = Pln + 5(6}; Ry — 8L Rin) + 5(6,’; Rin— gk RY)
Cartan’s 2" curvature tensor P, are connected by the Taking covariant derivative of fourth order (Berwald’s
formula covariant derivative) of above equation, with respect to x!,

x™, x™ and x5, successively, we get

BsByBnBiWjin = BsBnBnBi Pl + 5 BsByBBy (6} Ryxc — 5 Rjn)

+ ByBy BB, (Sk Rin — gju RE) - (42)
Using the condition (18) in (42), we get

Ban BmBl Pjikh = almnstikh'l'blmns (6fil.gjk - 6licgjh) - 2blmn Bq (6}1'16‘]%5 - 6Iichhs) yq

-2 blmqu (8;‘16}7“1 - 6Iiccjhn) yq - Zblm Bqu (6;.1Cjkn - 6liccjhn) yq

-2 blns Bp(gfil C:ikm - 8Iiccjhm) yq - ZblnBqu (6;.1Cjkm - 6,L;thm) yq

-2 blanBq (6;‘16}'km - 8Iiccjhm) yq - ZblBanBq (6;.1Cjkm - 6ll'ccjhm) yq (43)

% Qumns (85 R = % Rin) = 5 Qumns (OkRin — gji R) = 5 BsBuBnBi (8} Ry — 5L R;p)

+2 BBy BBy (6% Rin — gju RY)
This shows that

BanBmBl P]Lkh = Qimns Pjikh'l'blmns (6;1 Ijk — SIicgjh) - 2blmn Bq (6;.1.C}ks - 6Iiccjhs) yq

-2 blmqu (6;‘1Cjkn - 6Iiccjhn) yq -2 blm Bqu (6}ilcjkn - 5liccjhn) yq

-2 blns Bp( 6;‘1 Cjkm - 6Iiccjhm) yq -2 blnBqu (6;.1Cjkm - 6}iccjhm) yq

-2 blanBq (6filcjkm - 6liccjhm) yq -2 blBanBq (6;.1Cjkm - 6}iccjhm) yq .

If and only if
almns(‘sfll Rjk - 6;( th) - almns (6chth - gijZ) - BanBmBl(‘SILLRjk - 6}L<th)
+ ByB, BB (6LRin— gjx RL) =0 . (44)

This following is derived

Theorem 4.3. In GBW - FRE, ,Cartan’s 2" curvature  Transvecting (43) by y/, using (1a), (4b), (1a), (12a), and
tensor Pj"kh is generalized fourth recurrent if and only if the  (13c), we get

condition (44) holds good.
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. . . . ) . .
BanBmBl P}ih = Qmns P}ih + blmns(6;1 Y — 6}2 yh) - ; Aimns (6;1Hk - 6}L<Hh)

) . ok . . " . .
~ > @imns (8kHn = YicR},) =5 By B BBy (84 Hye — 8, Hp) — 5 BsBy B Bi(8iHy, — yicR},) (45)

This shows that
BanBmBl P}ih = Qimns P}ih + blmns (6il1yk - Sllcyh)
If and only if

Qs (8L Hjxe — 8L Hp) — Qunns (81 Hy — YicRY) — BsBy BBy (81 Hjye — SLHy)

+ BsB, BB, (65Hy — yRL) =0
This following is derived
Theorem 4.4. In GBW - FRE, ,Cartan’s 2" curvature
tensor is the four orders for the torsion tensor P]-"k is
generalized fourth recurrent if and only if the condition (46)

(46)

hold good.
Contracting the indices i and h in the conditions (45),
using (2), (12e) and (13h), we get

1
BanBmBl Pk = Qimns Pk + (n - 1) blmns Yk — 3 (Tl - 1) Aimns Hk
1 1 1
_Ealmns (Hk - YkR) 3 (n - 1)BanBmBlHk - E‘BS‘Bn‘Bm'Bl (Hk - YkR)-

This shows that
BanBmBl P = aymps P + n-1) bimns Vi
If and only if

almnsHk + Aimns (Hk - YkR) + BanBmBlHk + BanBmBl(Hk - YkR) =0

This following is derived

Theorem 4.5. In GBW-FRE, ,the Cartan’s second curvature
tensor of fourth order for the torsion tensor is generalized
fourth recurrent if and only if condition (47) holds.

The addition of an obstacle barrier guarantees that the system
never encounters a circular obstruction, and the addition of a
barrier geometry bends those geodesic pathways away from
the walls. The geodesics then randomly twist and bend when
a random vortex geometry is applied.

Because of the contributions from the earlier layers, the final
geodesics never pass through either kind of barrier despite the
random movements. Lastly, the geodesics are heuristically
directed toward a destination via an attractor geometry. Every
geometry's priority in the weighted average is shaped by
Finsler energies, so it only takes center stage when it is most
crucial. See (Ratliff, N.D. et al., 2020) for a thorough
description of the geometries and Finsler energies used in this
case. According to the theory of geometric textiles,
geometries constructed in this way may be optimized to offer
system objectives represented by local minima of an
objective potential by simply pressing the system with the
potential's negative gradient. We use a straightforward
attractor potential of the kind outlined in (Ratliff, N.D et al.,
2020) to do this for each of these geometries. The geometry
significantly influences the system's behavior along the way
in each scenario, but the theory of textiles ensures that all
differential equations eventually converge to the aim.
Conclusions and Recommendations

A Finsler space meets the criterion (18), it is referred to as a
generalized BW-fourth recurrent space. The B-covariant
derivative of the four orders for Wely's projective deviation
tensor W and Wely's projective torsion tensorW}, i in GBW-
FREF, (19) and (24), respectively, provide i. Cartan's third
curvature tensor R}, is generalized fourth recurrent in
GBW - FRF, if and only if equation (27) equals zero.
Similarly, the h(v) —torsion tensor H}, is generalized fourth
recurrent if and only if equation (29) equals zero. In GBW-
FRF, , the deviation tensor H} is generalized fourth recurrent
if and only if the equation (29) is equal to zero. In GBW-
FRF, Cartan’s fourth curvature tensor Kjikh is generalized
fourth-recurrent if and only if the condition (39) holds good.
If and only if the condition (40) is met, the Berwald covariant
derivative of the four orders for the K-Ricci tensor K, is
generalized fourth recurrent. The authors discuss the features

(47)

of special spaces for Finsler space and suggest that further

study and development in generalized BW- five recurrent

Finsler spaces is necessary.

Future Applications in Robotics

The results obtained in this study lay a foundational

framework for potential applications of higher-order

recurrent Finsler structures particularly the Generalized BW-

Four-Recurrent Finsler spaces GBW - FREF, in the field of

intelligent robotics. As robotic systems become increasingly

autonomous and are deployed in dynamically complex,

anisotropic, and non-Euclidean environments, there arises a

growing need for advanced geometric models capable of

capturing directional dependencies and curvature-induced
behaviors in a precise and adaptable manner.

The recurrence relations discovered in this study, including

fourth th-order Berwald covariant derivatives of curvature

tensors, give a mathematically complex structure that may be
used to describe and regulate the behavior of robots operating

in such situations. Specifically, GBW-FRF, spaces offer a

theoretical basis for describing robot kinematics and

dynamics in terrains where classic Riemannian or Euclidean
models fall short:

1. Path planning and navigation algorithms that leverage
the anisotropic curvature of the environment to
maximize movement efficiency.

2. Adaptive control systems for mobile robots rely on real-
time geometric feedback to make decisions.

3. Sensor-based mapping uses curvature and directional
deviation tensors to help robots comprehend their
surroundings.

4. In swarm robotics, interactions between several agents
may be described using recurrent geometric relations in
non-flat areas.

These possibilities indicate that Finsler geometry, particularly
in its generalized recurrent versions, can play an important
role in the creation of next-generation robotic systems. Future
interdisciplinary research between differential geometers and
robotics engineers is essential to translate the theoretical
advancements presented here into practical algorithms and
hardware implementations.
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