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ABSTRACT

This paper investigates a class of generalized birecurrent Finsler spaces characterized by a
generalized recurrence condition imposed on Cartan’s third curvature tensor with respect to
Cartan’s connection. The geometric framework is formulated using non-null covariant vector
fields and higher-order covariant tensor fields. Fundamental consequences of the generalized
birecurrence condition are derived, including identities involving the h(v)-torsion tensor, deviation
tensor, Ricci tensor, curvature vector, and curvature scalar. It is shown that the Ricci tensor,
curvature vector, deviation tensor, and curvature scalar are non-vanishing in the considered class
of Finsler spaces. Several curvature identities are established through covariant differentiation,
tensor contraction, and transvection of the fundamental geometric relations. The developed
framework provides a mathematical basis for studying direction-dependent and curvature-
constrained dynamical structures. It also suggests potential extensions to mechanical systems and
renewable energy technologies involving directional states, nonlinear motion, and geometric
constraints. These results establish a theoretical foundation for developing Finsler-geometric
models of mechanical dynamics, energy conversion, and renewable energy systems.
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tensors, leading to a rich class of geometric structures and
identities.

Among the fundamental geometric objects in Finsler
geometry, Cartan’s connection and its associated curvature
tensors play a central role in characterizing the intrinsic
structure of a Finsler space. Recurrence conditions imposed

Introduction

Finsler geometry constitutes an important extension of
Riemannian geometry and provides a flexible mathematical
framework for describing geometric structures whose
properties depend on both position and direction. This
directional dependence makes Finsler geometry particularly

suitable for studying nonlinear and anisotropic phenomena.
In recent decades, considerable attention has been devoted to
recurrent and generalized recurrent structures in Finsler
geometry because they provide constrained relationships
between geometric quantities and their covariant derivatives.
Various forms of recurrence have been investigated in
association with different Finsler connections and curvature

on curvature tensors provide an effective framework for
analyzing the behavior of curvature under covariant
differentiation. Previous investigations have considered
recurrent, generalized recurrent, projective recurrent,
birecurrent, and related higher-order Finsler structures,
revealing significant relationships among curvature, torsion,
deviation, and Ricci-type tensors. These results provide
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important structural constraints for the characterization of
generalized Finsler spaces.

Motivated by these developments, the present work
investigates a class of generalized birecurrent Finsler spaces
in which Cartan’s third curvature tensor satisfies a
generalized recurrence condition with respect to Cartan’s
connection. The proposed formulation is based on non-null
covariant vector fields and associated covariant tensor fields.
By applying covariant differentiation, contraction,
transvection, and Bianchi-type identities, several fundamental
relationships are derived for the geometric quantities
associated with the considered space. In particular, the study
establishes identities involving the h(v) -torsion tensor,
deviation tensor, Ricci tensor, curvature vector, and curvature
scalar.

A principal objective of this study is to characterize the
consequences of the generalized birecurrence condition for
these fundamental curvature quantities. The analysis shows
that the Ricci tensor, curvature vector, deviation tensor, and
curvature scalar are non-vanishing within the generalized
birecurrent class under consideration. Furthermore, the
resulting curvature identities provide additional structural
restrictions and extend the collection of known relationships
associated with recurrent Finsler geometries.

The significance of the proposed framework also extends to
potential applications in mathematical modeling. Because
Finsler geometry incorporates directional dependence, it
offers a suitable geometric perspective for systems involving
nonlinear motion, rotational states, anisotropic behavior, and
geometric constraints. In mechanical engineering, such
features occur in various dynamical systems and rotating
machinery. Similarly, renewable energy technologies [1-4],
including wind energy conversion [5,6] and solar-tracking
systems [7-9], involve directional motion, orientation, and
constrained mechanical processes. Although the present work
is theoretical and does not introduce a numerical or
experimental model of a specific engineering system, its
curvature structure and tensor identities may provide a
mathematical foundation for future direction-dependent
models of mechanical dynamics and energy-conversion
processes.

Accordingly, the main contribution of this paper is the
development of a rigorous generalized birecurrent Finsler
framework and the derivation of associated curvature
identities through Cartan’s connection. The obtained results
enrich the theoretical structure of generalized recurrent
Finsler geometry and provide a basis for future application-
oriented studies in nonlinear mechanics, anisotropic systems,
and renewable-energy technologies.

Finsler geometry provides a powerful mathematical
framework for describing anisotropic geometric structures
and has attracted increasing attention because of its
applications in mechanics, physics, robotics, and nonlinear
dynamical systems [10-12]. The foundational development of
Finsler spaces and their differential-geometric structures has
been established through classical treatments of Finsler
geometry and subsequent studies of curvature, geodesics, and
geometric invariants [12,13]. More recent investigations have
extended these foundations toward nonlinear spectra,
curvature properties, and geometric models with applications
in physical systems [10, 14-16]. In the context of recurrent
Finsler geometry, several studies have examined recurrent
tensor fields and the structural properties of generalized
recurrent spaces, including torsion-related tensors and their

special geometric conditions [17,18]. The concept of
birecurrence has subsequently been investigated for different
tensor fields and Finsler structures, providing broader
recurrence conditions beyond the classical framework [19].
Higher-order recurrence has also been developed through
fourth-order and generalized recurrent Finsler spaces, with
particular attention to recurrence decompositions and higher-
order curvature tensors [20-22]. Further contributions have
addressed BK-5th and BW-four-recurrent Finsler spaces,
thereby extending recurrence theory to higher-order
geometric structures [23,24]. Studies involving generalized
recurrence and Lie derivatives have established additional
relationships between curvature tensors and their differential
properties [25,26]. Particular attention has also been devoted
to projective and M-projective curvature tensors in recurrent
and birecurrent Finsler spaces, leading to new geometric
identities and characterizations [27,28]. The interaction
between generalized recurrence and fundamental curvature
tensors, including Cartan and Weyl tensors, has further
enriched the geometric characterization of birecurrent Finsler
spaces [29]. Recent research has increasingly connected these
mathematical structures with applied problems, including
anisotropic image processing, where generalized recurrent
Finsler models provide a geometric framework for
representing direction-dependent structures [30]. Higher-
order recurrent Finsler geometry has also been associated
with anisotropic flow modelling and computational fluid
dynamics, demonstrating its potential in modelling complex
mechanical systems [31]. Moreover, generalized recurrent
Finsler structures have been investigated in intelligent robotic

path planning and anisotropic biomedical systems,
highlighting their relevance to emerging engineering
applications [32,33]. Related developments in spatial

elasticity, nonlinear stress estimation, and natural convection
further demonstrate the broader relevance of advanced
mathematical modelling to engineering phenomena [34-38].
Despite these advances, the systematic integration of higher-
order recurrence conditions, curvature identities, and
application-oriented Finsler structures remains an active
research direction, motivating further development of
generalized recurrent and birecurrent Finsler models.

Despite these significant developments, the existing literature
remains largely focused on particular classes of recurrent or
birecurrent Finsler spaces and on individual curvature tensors
or differential operators. A systematic treatment that
combines generalized birecurrence with the derivation of
interconnected identities for the principal geometric tensors
associated with Cartan’s connection is still limited. In
particular, the relationships among the h(v)-torsion tensor,
deviation tensor, Ricci tensor, curvature vector, and curvature
scalar under a generalized birecurrent condition require
further investigation. The present work addresses this gap by
establishing a unified framework for generalized birecurrent
Finsler spaces and deriving new curvature identities through
covariant differentiation, contraction, transvection, and
Bianchi-type relations. Moreover, the non-vanishing
character of the fundamental curvature quantities is examined
within the proposed structure. Beyond its intrinsic geometric
significance, the framework provides a mathematical basis
for describing direction-dependent and curvature-constrained
phenomena, with potential relevance to anisotropic
mechanical systems, nonlinear dynamics, and renewable-
energy technologies.
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Let F be a Finsler metric defined on an n-dimensional Finsler
manifold, satisfying the standard regularity and positivity
conditions. Denote by g;; the corresponding fundamental
metric tensor, and by G}, and Gji the coefficients of the
Cartan and Berwald connections, respectively.
These connection coefficients are symmetric with respect to
their lower indices and are positively homogeneous of degree
zero with respect to the directional variables.
The Cartan and Berwald connection coefficients, together
with their associated tensorial quantities, are related through
the following fundamental relation:

v _ ok _ (1, if i=k ,
@) gy =st=1{y" o iz

The vectors y; and y' satisfies the following relations
(12) @& yi=gyy . b) iy =F?,

¢ 9ij=0;y =0y ,

d g4y = iain =Fo;F ,
and e) 0;y' =]
The tensor Cjy defined by
(13) Gy = %ai gjk = iai 0; 0y F?,
is known as (h) hv-torsion tensor.
It is positively homogeneous of degree -1 in the
directional arguments and symmetric in all its indices.
The (v) hv-torsion tensor C! and its associate (h) hv-torsion
tensor Cjj;, are related by
(14) a) Ci]"kyi' = Ck_ijyi_z Ciy' =0,

b) Cry’ =Cy’ =0,
and ¢ Cl=g"C .
The (v) hv-torsion tensor CJ is also positively homogeneous
of degree -1 in the directional arguments and symmetric in its
lower indices.
Cartan deduced the h-covariant derivative for an arbitrary
vector filed X! with respectto x*
(15) X' =0, X' — (8, X") Gy + XTI} .
The metric tensor g;; and the vector y* are covariant constant
with respect to a above process, i.e.
(1.6) @) gi=0 , b) ¥, =0 and c) g, =0 .
The process of h-covariant differentiation with respect to
x* commute with partial differentiation with respect to y’ for
arbitrary vector filed X! , according to
@ 4 (x5) - @x9), = x"(G17%) - (6,.x") P
where
(18) ) ik =Tin
and  ¢) Py’ =Py -
The tensor P, is called v(hv)-torsion tensor and its associate
tensor Py, is given by
(1.9) @) Grj Pin = Pujn - '
The associate tensor P, of the (hv)-curvature tensor Py,
is given by
(1.9) b) gi Pﬁch = Pijin
The quantities Hj,;, and Hy, form the components of tensors
and they called h-curvature tensor of Berwald (Berwald

curvature tensor) and h(v)-torsion tensor, respectively, and
defined as follow:

(1.10) @) Hjyp = 0;Gip + Gip G + Glpj G,
9 Gﬁk — Gy _G#,- - Gékj Gh ‘
and b)) Hgy = 0,6y + Gy Crpp — 0x Gy, — Gy Cyye

b) Plihyk=0=Plihyh ,

They are skew-symmetric in their lower indices, i.e. k and h
Also they are positively homogeneous of degree zero and
one, respectively in their directional arguments. They are also
related by
(111) @) Hj ¥’ = Hgp » D) Hjyp = 0jHyy
and ¢) Hjj, =0;H .
These tensors were constructed initially by mean of the tensor
H} , called the deviation tensor, given by
(1.12) Hi = 20,G' — 8,G},y" + 2 GL, GS — GL G§ .
The deviation tensor H}. is positively homogeneous of degree
two in the directional arguments.
In view of Euler's theorem on homogeneous functions and by
contracting the indices i and h in (1.11) and (1.12), we have
the following:
(113) a) Hjy/ =—H;y/ = H;
and b) yH =0.
The quantities H},, and Hj, are satisfies the following
(1.14) a) Hijkn = gjr ik + D) Hjen = gpHpy
and ¢) y;Hj =0.
Cartan's third curvature tensor R}'kh satisfies the identity
known as Bianchi identity
(1'15) a) R;khls + R]’:Sklh + R;hslk )

+ (Rhuns ikr + RoenPisr + Rinsk jlhr) ym=0,
and b)  Rijnk + Rinkj + Rikjn

+(Cyjs Krshk.+ Cins Kj + Cis KSin) y7 =0,
where  ¢) Pl = 0,7 — Cirsu. +Cl, Cj’;k yk .
The Ricci tensor Ry , the deviation tensor R}, and the
curvature scalar R of the curvature tensor R}kh are given by
(1.16) a) R}kh y/ = Hp, = K]lhk v,

b) Rijpi = .grj Rl _

¢ RixnmY’ = Hgnm » d) Ring = 9" Rijnk »
and e) Rhng’* =R} .
The contracted tensor Ry, (Ricci tensor) and R, (Curvature
vector) are also connected by
(1.17) 9) Rj_kyk =R;, b) Rpy =H,
and ¢) Rji=Rj .
Also, this tensor satisfies the following relation too
(118) @) Rjwn = Kjin + Cs Konc ¥,

b) Rijkn = Kijin + Cijs Higp
and ¢) Rjknm ¥’ = Hgnm - '
where R, is the associate curvature tensor of Rjj, .

Cartan’s fourth curvature tensor Kjj, and its associate
curvature tensor of K, satisfy the following known as
Bianchi identities

(119) &) Kin+Kij +Kipj =0 ,

and b)  Kjrkn + Knrjk + Kirnj = 0

2. On Generalized R"-Recurrent Space

Consider an n-dimensional Finsler space F, whose Cartan’s
third curvature tensor satisfies the following generalized
birecurrence condition:

(1) Rjgpm = AmRjin + Hm(Sh Gt = Sk Gjn)
1 . . ;
+Zym(Rllcgjh - Rhgj) . Rjyn, #0
where 4, and u,, are non-null covariant vectors field. We
shall call such space as a generalized R"-recurrent space. We

shall denote it briefly by GR"-RE, .
By taking the covariant derivative of equation (2.1) with
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respect to x! in the framework of Cartan’s connection and
applying condition (1.6a), we obtain the following relation:
(2.13)  Rjxpmp = amlR;kh + bm1(51icgjh - 6fizgjk)

+%le(Rllcgjh —Rhgjx)

+%Vm(Rllcgjh - R;ngk)ll :
Such that apy = A + Andy s by = W + Ay and ¢y =
AnYt + Vi » Where a,, , by and ¢, are non-vanishing
second-order covariant tensor fields, and A, is a non-
vanishing first-order covariant vector field.
Definition 2.1. A Finsler space in which Cartan's third
curvature tensor R}kh satisfies condition (2.13) is called a
generalized R ,-birecurrent space, and the associated tensor is
referred to as a generalized h-birecurrent tensor. These are
denoted concisely by G*'“Ry, - BRF, and G*"?h - BR,
respectively.
Thus, for an n-dimensional Finsler space E, , if Cartan's third
curvature tensor R}kh satisfies both conditions (2.12) and
(2.13), the corresponding spaces are denoted by GZ"dR|h—
RE, and G*™Ry,- BRF, , respectively.
Transvecting of (2.1) by the metric tensor g;, , using (1.6a),
(1.16b) and in view of (1.1), we get
(22)  Rypent = ARjprn + 1 (9np Gjx = Gip Gjn) -
Conversely, the transvection of the condition (2.2) by the
associate tensor g’? of the metric tensor Jip » Yields the
condition (2.1). Thus, the condition (2.2) is equivalent to the
condition (2.1). Therefore, a generalized R"-recurrent space
characterized by the condition (2.2).
Therefore, we have
Theorem 2.1. An GR" - RE, may characterized by the
condition (2.2).

Let us consider GR"- RE, characterized by condition (2.2).
Transvecting the condition (2.1) by y/, using (1.6b), (1.16a)
and (1.2a), we get

(2.3)  Hy,, = AHiy + w(8h yie — kyn )

Further, transvecting (2.3) byy*, using (1.6b), (1.13a), (1.2b)
and in view of (1.1), we get

(24)  Hy, = 4Hp +w(8RF* = ypyt)

Therefore, we have

Theorem 2.2. In GR"-RE,, , the h-covariant derivative of the
h(v)-torsion tensor H., and the deviation tensor H} is given
by the conditions (2.3) and (2.4), respectively.

Contracting the indices i and h in the condition (2.1), using
(1.17c) and (1.1), we get

(25) Ry =ARyx+m—1D wgjc -

Transvecting (2.5) by y* , using (1.6b), (1.17a) and (1.2a),
we get
(2.6) Ry = AR+ (n—1) wy; .

Further, transvecting the condition (2.1) by the associate
tensor g’/* of the metric tensor gk » using (1.6c), (1.16e) and
in view of (1.1), we get

@7 Ry, =A4Rh+m—-1) s .

Contracting the indices i and h in condition (2.7) and using
(1.2), we get

(2.8) Ry=4R+n(n—-1Dypy .

where R =R .

The conditions (2.5), (2.6), (2.7) and (2.8), show that the
Ricci tensor Rj, , the curvature vector R; , the deviation

tensor R} and the curvature scalar R of a generalized R"-
recurrent space cannot vanish, because the vanishing of them
imply the vanishing of the covariant vector field y,; , i.e.
u; = 0, a contradiction.
Thus, we conclude
Theorem 2.3. In GR"-RF, , the Ricci tensor Rj , the
curvature vectorR;, the deviation tensor Rl and the curvature
scalar R are non-vanishing.
Certain ldentities
In this section we shall obtain some identities in GR"-RE, .
Taking h- covariant differentiation of the formula (1.15b)
with respect to x!in the sense of Cartan and transvecting
(1.15b) by the associate tensor g’P of the metric tensor Jjp »
using (1.6¢), (1.16a), (1.16d) and (1.4a), we get
(31) Ry, + 97 R + 977 Rigjnu

+ (CEHR + 97 Cins Hij + g7 Cus Hy) = 0
Transvecting (3.1) by y¢, using (1.6b), (1.16a), (1.18c), (1.4b))
and (1.4a), we get
(32 HY, +9PHyju+ 9P Hjpy =0 .
Thus, we conclude
Theorem 3.1. In GR"-RE, , the identities (3.1) and (3.2) hold
good.

Using (1.16b) and (1.16a) in the identity (1.15b), we get
(3.3) IriRink + grnRixj + gricRijn + Cijs Hpy
+ Cips Hgj + Cis Hjp, = 0
Now, transvecting (3.3) by y ¢, using the equations (1.16a)
and (1.4b), we get
(3.4) 9rjHhy + Grn Hij + grc Hip =0
By using (1.14b), the equation (3.4) yields to
(3.5) Hpjx +Hypj+Hjn =0
Transvecting (3.4) by y " , using (1.13a) and (1.2a), we get
(3-6) grj HI: = Grk er :
Thus, we conclude
Theorem 3.2. In GR"-RE, , the identities (3.4), (3.5) and
(3.6) hold good.

Using (1.16a) in the identity (1.15a), we get
(3.7)  Rijin t Rinjjx + Rikn); + Hin Pljs

+ Hjy Plps + Hpj Pjis = 0
In view of the condition (2.1), the identity (3.7), may be
written as
(3.8) An Riji + Ak Rinj + 4 Rixn
+ llh(51:gij - 6]'rgik) + Hk(5j'rgih - 5591‘;’)
+1; (87 9u — 7 gin) + (HenPlis + H3 Pjps + Hy; hs) = 0.
Transvecting (3.8) by y !, using (1.16a), (1.2a) and (1.8c),
we get
(3.9)  Ap Hjj + Ay Hpj + A; Hyy,
+un(8ky; — 8w ) + (8 yn — 81 35)
+ 1 (8hyi = 6% yu) + (Hin Pfs + Hjye Phs + Hij Pis) = 0 .
Transvecting (3.9) by v/, using (1.13a), (1.2b), (1.1) and
(1.8b), we get
(3.10) A, H; — A H] + AHp,

+ un (8 F2 =y y") + i (yn y™ — 61 F?)

+u (Opyx — Ogyn) + (Hi Pps — Hy Pis) =0,
where 4;y/ =2 and ujy’ =u .
Thus, we conclude
Theorem 3.3. In GR"-RE, , the identities (3.8), (3.9) and
(3.10) hold good.
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Further, transvecting (3.9) and (3.10) by the vector y, , using
(1.14c), (1.1), (1.13b) and (1.2b), we get

(311)  (Hfy P, + Hjy Pry + Hi; Pi) =0, and

(3.12)  H§ y.Pi = Hj, v, Pf, ., respectively.

Thus, we conclude

Theorem 3.4. In GR"-RE, , the identity (3.11) holds good.
Theorem 3.5. In GR"-RE,, , we have the identity (3.12).

Transvecting (3.8), (3.9) and (3.10) by the metric tensor g, ,
using (1.16b), (1.1), (1.9b), (1.14b), (1.9a) and (1.2a), we get
(3.13)  ApRimjk + AkRimnj + AjRimkn

+ i (Gm 9ij = Gjm Ji)

+ 10 (gjm Gin = Gnm 9i5)

+ 1 (Gnm Gix = Giem 9in)

+ (Hlih Pimjs + Hﬁc Pins + H}ij Pimks) =0 ,

(3.14) Ay Hipy + Ak Hpm j + A5 Hi

+(Hih Pims + Hji Pums + H3j Pems) = 0, and
9rm (AhHI: - Ak H}: +4 chh)

+ tn (Giem F? = Vi Ym)

+ e Vh Ym = Grm F?) + 1 (Grm Yk = Giom Vi)

+ (H; Pyms — Hp Prms) = 0, respectively.

Thus, we conclude

Theorem 3.6. In GR"-RE, , the identities (3.13), (3.14) and
(3.15) hold good.

Using (1.18b) and (1.16a) in the identity (1.15b), we have
(3.16)  Kijnk + Kinkj + Kixjn

+2 (Cijs Hiy + Cins Hij + Cxs Hiy ) = 0 .
In view of (1.19b), the identity (3.16) becomes
(3.17)  CiyjsHpy + Cins Higj + Cys Hi =0 .
Taking h-covariant differentiation of the identity (3.17), with
respectto x! in the sense of Cartan, we get
(3:18)  CijsjuHnk + Cijs Hppepr + CinspiHigj + Cins Higjp1

+ Cixsjp Hip, + Cixs Hipp = 0 . '
Now, transvecting (3.18) by the associate tensor g"/, using
(1.6¢) and (1.4c), we get
(319)  Cigy Hpy + Cis _Hffku + Cinspy Hl?j g7

+ Cins Hijp1 9" + Cisi Hj, g™

+ Cixs Hipy 977 =0 .
Transvecting (3.18) and (3.19) by y ", using (1.6b), (1.13a)
and (1.4a), we get

(3.15)

(3.20)  Cyjsyu Hi + Cijs Hyy = Cist HY + Cipes Hjy
and
(321)  Cly Hi + Cl Hiy = (Cust Hf + Cus Hj) g™

respectively. Thus, we conclude
Theorem 3.7. In GR"-RE, , the identities (3.18), (3.19),
(3.20) and (3.21) hold good.

Further, transvecting (3.18) and (3.19) by g, , using (1.6a)
and (1.14b), we get
(3:22)  CijsjHpri + Cijs Hpr iyt + Cingi Hierj
+ Cins Hir jji + Ciksji Hjrn + CixsHjrpp = 0, and
(3:23)  Cisj Hurke + G Hppet + (Cihs'|l Hirj + Cins Hir j1
+ Cirsit Hir-n + Cirs Hir 1) g™ = 0, respectively.
Thus, we conclude
Theorem 3.8. In GR"-RE, , the identities (3.22) and (3.23)
hold good.
Conclusion
This study has developed a generalized birecurrent Finsler
framework based on Cartan’s connection and the generalized

recurrence condition imposed on Cartan’s third curvature
tensor. Within this framework, several fundamental
consequences of the proposed geometric structure have been
established using covariant differentiation, tensor contraction,
transvection, and Bianchi-type identities. In particular, new
relationships involving the h(v) -torsion tensor, deviation
tensor, Ricci tensor, curvature vector, and curvature scalar
have been derived. The analysis further demonstrates the
non-vanishing character of the principal curvature quantities
considered in the generalized birecurrent setting. These
results provide additional structural constraints for the
characterization of generalized recurrent Finsler spaces and
contribute to the development of curvature-based identities in
Finsler geometry. Overall, the proposed framework extends
existing recurrent and birecurrent structures and provides a
rigorous mathematical foundation for further investigations
of direction-dependent geometric and dynamical systems.

Future Applications and Research Directions
The theoretical framework developed in this study opens
several promising directions for future research. First, the
generalized birecurrent curvature structure can be
incorporated into mathematical models of nonlinear
mechanical systems, particularly those involving directional
dependence, rotational motion, anisotropic behavior, and
geometric constraints. Second, the framework may be
investigated in wind-energy conversion systems, where
aerodynamic direction, rotor dynamics, and nonlinear
mechanical motion interact within a direction-dependent
operating environment. Third, Finsler-geometric formulations
may be developed for solar-tracking mechanisms, in which
the orientation and trajectory of energy-collection surfaces
are governed by directional and geometric constraints.
Further extensions could also address anisotropic materials,
vibration and rotating machinery, nonlinear control systems,
and energy-conversion processes.

An important future objective is to establish explicit
mathematical models that couple the curvature identities
derived here with the governing equations of mechanical and
renewable-energy systems. Numerical simulations, stability
analysis, and parameter estimation could then be employed to
determine whether generalized birecurrent Finsler structures
provide measurable advantages over conventional
Riemannian or Euclidean formulations. Such developments
would transform the present theoretical framework into an
application-oriented geometric modeling methodology for
direction-dependent mechanical dynamics and renewable-
energy technologies.
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