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This paper introduces a (p,q) -analogue of the two-variable Humbert function within post-
quantum calculus. Using generating functions and (p, q) -differential operators, an explicit
representation is derived, and its generating function, difference equations, recurrence relations,
and polynomial identities are established. These results extend selected properties of classical

Humbert functions to the (p, q)-setting and provide a theoretical foundation for future symbolic
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Introduction

Quantum calculus, particularly (q)-calculus and (p,q) -
calculus, has attracted considerable attention because of its
role in generalizing classical differential and integral
operators and in developing new families of special functions
and polynomials. The foundations of quantum calculus and
two-parameter quantum algebras have been investigated by
Kac and Cheung [14], Chakrabarti and Jagannathan [6],
Jagannathan and Srinivasa Rao [13], and Sahai and Yadav
[24]. Further contributions to the theory of quantum-
deformed algebras and special functions were presented by
Bukweli-Kyemba and Hounkonnou [4], while Burban and
Klimyk [5] developed differentiation, integration, and
hypergeometric functions associated with two-parameter
quantum groups. These studies provide a mathematical
foundation for extending classical analytical methods to
quantum-calculus settings.

Quantum calculus and the theory of special functions have
attracted considerable attention because of their applications
in  mathematical analysis, polynomial theory, and

approximation theory. The foundations of quantum calculus
and its generalizations were discussed by Kac and Cheung
[14], while Burban and Klimyk [5] investigated (p,q) -
differentiation, integration, and hypergeometric functions
related to quantum groups. Further developments in two-
parameter quantum algebras and their associated special
functions were presented by Chakrabarti and Jagannathan [6],
Jagannathan and Srinivasa Rao [13], and Sahai and Yadav
[27]. These studies provide an important theoretical
framework for extending classical mathematical structures to
(9)- and (p, ¢)-analogues.

Several researchers have subsequently focused on
generalized polynomial families and their properties. Acikgoz
et al. [1] investigated (g)-analogues of Apostol-type numbers
and polynomials, while Duran et al. [7] introduced a unified
(g)-analogue of Apostol-type polynomials of order (\alpha).
Related investigations include (q)-Hermite polynomials [8],
a-Bernoulli, (p,q)-Euler, and (p, q) -Genocchi polynomials
[9], and other polynomial families derived from (q)-calculus
[10]. Furthermore, Sadjang [26] studied (q)-Appell
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polynomials, whereas Kizilates et al. [17] examined (q)-
Chebyshev polynomials and related polynomial systems.
More recent contributions have extended these investigations
to (g)-Hermite-based Appell polynomials in multivariate and
three-dimensional settings [34, 35], as well as (g)-Legendre-
based Gould Hopper polynomials using operational methods
[18].

Another important direction concerns Humbert functions and
their generalizations. Varma [33] studied Humbert functions,
providing an early contribution to this area. Subsequent
research considered new (qg)-extensions of these functions
[31] and their generating-function representations [28]. In
addition, Alsarahi [2] investigated a two-variable analogue of
the Humbert function, while Jaimini et al. [11] studied a
generalized class of multivariable Humbert-type polynomials.
Shehata [29] also derived new formulas for the bibasic
Humbert hypergeometric functions (Psi1) and (Psi2). These
contributions demonstrate continuing interest in extending
classical special functions to generalized and multivariable
frameworks.

Furthermore, operational methods, integral transforms, and
approximation processes have played an important role in the
development of generalized function theory. Araci et al. [3]
studied a (q)-derivative operator and associated divided
differences, while Sadjang [24, 25] investigated (q)-
analogues of the Laplace transform and fundamental results
of (p, g)-calculus. In approximation theory, Mursaleen et al.
[19, 20] examined (q)-Bernstein operators and approximation
by (q)-Lorentz polynomials, respectively. Khan and Lobiyal
[15] explored applications of (qg)-analogues of Bernstein
functions to Bézier curves. Other related studies addressed
fractional-integral ~ transformations of  hypergeometric
functions [21, 22] and generalized special functions using
umbral methods [16].

Addressed numerical methods for nonlinear problems,
computational solutions of differential equations, and tensor-
based mathematical modeling in engineering applications
[36-38].

Motivated by these developments, further investigation of
generalized special functions and polynomial systems
remains of interest, particularly in relation to their generating
functions, operational representations, and structural
properties. The present study is intended to contribute to this
broad research area by developing and analyzing the specific
mathematical constructions considered herein. Its precise
contribution can be established by comparing the proposed
definitions and results with the most closely related studies
discussed above.

Despite these developments, further investigation is needed
into the systematic construction of (p,q) -analogues of
multivariable Humbert functions and the derivation of their
associated generating functions, difference equations, and
recurrence relations within a unified framework. Motivated
by the preceding studies, the present paper introduces a
(p, @) -analogue of the two-variable Humbert function and
investigates its principal analytical and algebraic properties.
First, an explicit series representation of the proposed
function is established through its defining generating
function.  Subsequently, generating-function identities,
symmetry and parity properties, and limiting relations
connecting the new function with its classical and (q)-
analogues are derived. Furthermore, differential and
recurrence relations are obtained, together with a polynomial

identity that provides additional insight into the structure of
the proposed function.

The main contribution of this work is the development of a
unified framework for studying these properties in the (p, q)-
calculus setting. The results extend selected properties of
Humbert-type functions and provide a basis for further
analytical and computational investigations of generalized
multivariable special functions.

Motivated by these developments, the present study
investigates a (p, g)-analogue of the two-variable Humbert
function and examines its fundamental analytical and
algebraic properties within the framework of post-quantum
calculus. The main objective is to derive an explicit
representation of the proposed function and establish several
associated identities using generating-function techniques and
(p, q) -differential operators. In particular, we obtain a
generating function, derive corresponding difference
equations and recurrence relations, and investigate related
polynomial representations and identities.

The rest of this paper is structured as follows:

We first recall the necessary definitions and preliminary
results concerning (p, q) -calculus, including the (p,q) -
analogue of the Pochhammer symbol, also known as the
(p, q)-shifted factorial. We then introduce the proposed two-
variable Humbert function and derive its explicit
representation. Subsequently, we establish its generating
function, associated difference equations, recurrence
relations, and related polynomial identities. Finally, we
discuss the mathematical significance of these results and
their potential relevance to symbolic and numerical methods
in engineering computation.

Let us begin by recalling the definition of the (p, g)-analogue
of the Pochhammer symbol, or (p, q)-shifted factorial, as
given

[y =L, 0 <lql <1

qgeC—-{1} ; a€eC . Q)
Where

. —-q%

}Zl_r}}[a]q = ll_r)nﬁ =a .

Next, we define the g-analogue of n! as
, n=0

1 nl,n—1 2],[1],, neN -
il = {gn ol — 11, - [21,[1],

[nly! = Hk:l[k]q. [0],!=1, q€C\{01} .
The notation [a], , represents the (p, ¢)-number, also known
as the bibasic number or twin-basic number.

[alpq =2=L o0<lql<lpl<1 pga€e .(3)

The (p, g) -number and (p, q) -factorial for p,q,a € C and
0 < |ql < Ip| < 1 are as follows. Refer to [10,11,19]

i neN
[n],q =1 p-a .

0 , n=20
A logical extension of the g-number is the twin-basic
number, which is

(2) Or

1—g™
[n]qzﬁiqil-

The definition of the (p, q)-factorial is
(v.0;0.0),,
[n]p,q! = 1[Iz 1[k]p q W ,
n>1;[0],,=1. ()
Additionally, let us provide the so-called (p,q) -binomial
coefficient.

[kl =7

li =
plll} [n],,

_ [nlpg!
[n=klp,q'klpq*

,0<k<n knenN. (5
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The definition of the (p,q) -exponential function is (see
[22,24)).

epq(1) = 22 o pla) = (6)
’ - [k]

The definition of the (p,q) -complementary exponential
function is
k

Epq(0) = S q®) 2~ ™
».q k=09 Klpg!
It is easy to see that
pq(X). Ep q(—x) = 1.
Let f be a function that is defined on a portion of the real or
complex plane. The following is the definition of the function
f (p, q)-derivative operator (see [4,19,24]).

f(px)-f(gx)
Dpaf () =181y 20, ®)

and (D,,f)(0) = £/(0), given that f fulfills the following
relations (see [22]) and is differentiable at 0.
ep,q(px) = pep, q(upx)u ©)
Dy, pq(ux) = pEy o (ugx) . (10)
It is evident that D, ,x™ = [n], ,x™~". Additionally, observe
that the (p, g)-derivative simplifies to the Hahn derivative
provided by for p = 1.

_ fO)-f(gx)
Dof(x) = Tacor x#=0 .

The following product rules are satisfied by the (p,q) -
derivative operator (see [22]).
Dyq(f().g(0)) = f(px)D,,9(x)
+9(qx)Dpqf (x) , (11)
Dy (). £,(0). £50)) = f; ). £, () Dy o {f; ()}
+13(0x).fi (qx)Dp,q{fZ ()}
+£1(q%). £2(qx) Dp o {f3(x)} . (12)
The generating function is used in the previous studies [26] to
define the Humbert function J,, ,, (x).

exp ( (u +t— —t)) = Ymm=—co Jnm (@) u™t™. (13)
or, more generally, as follows:

I = (3" o
N (—;m+ 1,n+ 1;—;)

o (_1)k m+n+3k

= i KID(m+k+ 1) (n+k+1) (5) ' (14)
A family of novel g-extensions of the Humbert functions of
the type was presented by Srivastava and Shehata in [24].

(1) _ (_1)k x m+n+3k
m (/@) = Xicz =0 [m+k]q!n+klq!lklq! (3) (15)

Add|t|onaIIy, Shehata [22] provided an analysis of the (p, q)-
Humbert functions from the perspective of the generating
function technique described by

T Ge/p, @) =
(szrk)"(n;'k)’f(}zc) m+n+3k
k -_—
Zizo(=1) [m+klp g n+lp g [Klpg! (3) : (16)
Alsarahi [2] introduced and studied of Humbert polynomials
]m,n,r,s (X, y) defined by

m+n r+s
]m,n,r,s (x, y) = (g) (yf;x)) X
© _1\c+k L
Zc,k=0( 1) (m+c)!(n+c)l.c!(r+k)!(s+k).k!

x(5)" (22" )

The (p, g)-analogue Humbert polynomial of two variables is
introduced and some of its recurrence relations are examined
in the following sections.

The (p, g)-Humbert Function of Two Variables

k

The generating function that follows defines the (p,q) -
Humbert function of two variables, represented by

Jmnrs Y0, q):

exppq( (u+t——)) eXqu(y(”JfW_ﬁ))

- Zmnrs——oo]m,n,r,s(x' y; P, q) umtnvrws7 (18)
where x,y €R, u,t,y,w €C, u,t,v,w =0

,0< gl <Ipl <1, qp€ecC.

The (p,q) -Humbert function of two variables

Jmnrsy;p,q) will now be determined using the
generating function mentioned above in the form of the
following theorem:

Theorem 2.1.
Assuming that 0 < |q|] < |p| <1, q,p € C, the formula for
the (p,q) -Humbert function of two variables

Jmnrs (YD, q) is as follows:

m+n T+s

Jmars (x,y;ip,q) = (g) (%) X
(1yerk U EPENOCICT)

C'k=;’ . [m+clp g!ln+clp gllclp q!lr+klp gl [s+k]p q![K]p q!

x c
<(5) () (19)
Proof. Let's use W to represent the left side of (18). Then,
using (14), we obtain

Y [ﬂ] i [x_t] €pa [_ i] €p.a [y3_v]
€p.q [J’W] pq[ 3vw] Yo o a]pq (?u)
e

[clp.q! 3ut

GIPNER() I
2ot (%) g (%)
A 50

)y \K
Klpg (m)
(‘21)+(lz’)+(§) o\ atb+c
— C— -
= Xgp=0 Zezo(—1) [alpq!blpq![clpg! (3)

(l)"'(é)"'(’z() (3_,)1'+J'+k
lip.q'Ulp.q'lklp,q!
vitkwi-k (20)
Replace a,b,i and j by m+cn+c,r+k and s+k
respectively in the right-hand side of equation (20), we get
(m+c) (n+c)+(2)
W Zm n=-—oo Z 0( 1)C

- [m+clp qlln+clp,qllclp,q!
(f)m n Cumtn

3
er_—oo Zk 0( 1)k

y r+s+2k
X (;) vws,

By using relation (11) in (21), we obtain

et
ck —o(— 1)ctk p( TN

[m+clpq!n+clp,qllclp,q!

1 x\%¢ Yy 2k MEN T, S
><[r+k]p_q![s+k]p,q1[k]p,q! (5) (5) L (22)

We obtain the connection (19) by equating the coefficients of
u™t™v"w* with the right-hand side of (18).

ud—cb- CZ” Ozk 0( )

i-k

P55

[r+klp,q!lst+klp,q!lklp,q!

@1

Remark 2.1: Using equations (14), (15), and (16) and setting
y = 0 in equation (19), we obtain
yg}]m,n,r,s (x' 0;p, Q) = ]m,n (x)!

q-1

(23)
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Li_rg]m,n,r,s (x' 0; b, Q) = ]m,n (x; CI), (24)
and
]m,n,r,s (X, 0; b, Q) = ]m,n (x; b, CI) (25)

respectively.
Remark 2.2.
By relation (4), the series expansions of the (p, g)- Humbert
function J,, - s(x, ¥; ,q) is given as
Jmnrs (6, ¥;0,q) = I
G 6
(2.0:@.0),,(0.0):;®.0),,((0.0);(0.0)),(2.0):®.0),
( 1)0 (m+c) (n+c)+(¢:)
= °((pq) @) (™4™ D (p.a) (P La" 1) (p0)

(2"
<3 kp" )5+ (E)
((0.@:@.0), (™ La™ ;(.0), (+1.a5T D (0.0)),,
<(252) @
Corollary 2.1.

If m,n,r,s be integer, then /..., s(x,¥;p,q) satisfies the
following relations:

]—m,n,r,s (xr YD, q) = (_1)m]m,n,r,s (x: Yo, q)r (27)
]m,—n,r,s (xr YD, q) = (_1)n]m,n,r,s (x: o, q)r (28)
]m,n,—r,s (xr YD, q) = (_1)r]m,n,r,s (x: o, q)r (29)
]m,n,r,—s (xr YD, q) = (_1)S]m,n,r,s (x: Yo, q)r (30)
]—m,—n,—r,—s (x, Yo CI)
= (D)™ s (XY 0, ), (31)
Proof. Using (19), we get
]—m,n,r,s (x: Y, p, Q)
= Xelm Lz (=1
pC2 (M) +(5+(3)
[—m+c]p,q![2n+c]p,q![c]zpicq![r+k]p,q![s+k]p,q![k]p,q'

X\ TANA2C o NTHSH

x(3) G 32)

replace ¢ by ¢ +m in ther.h.s. of (32), we obtain
]—m,n,r,s (x' YD, CI)
— Zg?kzo(_l)c+m+k
p @O+ (3 (5)
[clp,q!n+clp,gllctmlp gt lr+klp g!ls+klp !kl p,q!

9 (g)m+n+2c (%)T+S+2kl (33)

This generates the necessary relation (27) when definition
(19) is applied.

The relations (28), (29), (30), and (31) can also be proven.
Corollary 2.2.

The function J,,, ,(x,¥; A, B; p,q) satisfies the relations:

Jmnrs (—x, oz CI) = (_1)m+n]m,n,r,s (x, YD, Q)v (34)
]m,n,r,s (X, s Q) = (_1)T+S]m,n,r,s (X, v, p Q)y (35)
]m,n,r,s (—X, =YD, Q)

= (_ 1)m+n+r+sjm,n,r,s (X, YD, Q) . (36)

Proof. Since,

]m,n,r,s(—X, Vi D, q) — (_g)m"'n (%)ﬂ-s
wyo D (M) ("5 D59+ (551)+ (%)

ck=0 [m+clp gln+clp glclp g lr+klp glls+klp gkl p g
2c 2k

8 (_ g) (g) m+n r+S

= (5 6)

e U (e Ru e Yue

Ek=0 [m+c]y glln+cly gllclpq!lr+klp g [s+klp gkl p g

x 2c y 2k
() ()
This results in relation (34) in light of (19).
It is also possible to verify the relations (33) and (34).
It is also possible to prove the relations (35) and (36).
Corollary 2.3.
By relation (7), the series expansions of the (p, q)- Humbert
function J,, - s (x, ¥; p, @) is defined by

r+Ss

Jonrs GO Y0, @) = (g)mm %) x
o JTFPCFPO 1))
c,k=0 {(_1)C+k

’ [m+clp q'ntclpqilclp,q!r+klp,q!ls+klp,q!klp,q!
X 2c y 2k
ONEN

@37)
Which the generating function of above series is

qu< (u+t t)) qu( (v+w—$))

= Zmnrs——oo]m,n,r,s(x' YD, Q) um™t"vTw,
Recurrence Relations

Recurrence relations play an important role in the study of
special functions and their mathematical properties. They
provide useful connections between functions with different
parameters and help simplify complex mathematical
expressions. In this section, we establish recurrence relations
for the (p,q) -Humbert functions J,, ,.,s(x,y;p,q) . In
particular, Theorem (3.1) presents relations involving the
partial derivatives of these functions with respect to (x) and
(v). These relations express the derivatives in terms of shifted
arguments and indices of the same family of functions. The
results are derived by differentiating the generating function
and applying the fundamental properties of (p,q) -
exponential functions.

(38)

Theorem 3.1. The (p, q)-Humbert functions
Jmnr.s (X, ¥ p, q) satisfy the following relation:
7]
—Jmnrs(x.y:’p.q) — s @%,Y; @)
2 2t
+m n]mnrs(pZQZx y:0.q)
3p2

~ > mrnenrs (@6 Y0, Q)
And

[7]
_]mnrs(x:y; p.q) =

3p™m

(39)

sy Imnrs (G 1Yi P, @)

q2 T2t

+3p1; 721]mnrs( .Pquy:p,q)

- 5]m,n,r+1,s+1(x' qy;p, CI) . (40)
Proof. Differentiating (18) with respect to x and using (12),
yields

[ee]

F
. MmN, T S
mmn,r,s=—oo a]m,n,r,s (x, .o, Q) urttv'w
_u pxXU pxt px yv yw
- 361"‘7[ 3 ]'ep-q [ 3 ].em[ 3ut]'ep‘q [3]'67”‘? [ 3 ]

t qxu pxt px
€ +iena 5] ena [5] - ena - 2

[qxu

_ L]
p.q 3vw.

yv yw y]_ 1
a5 ena 5] ena [-20] sz ena

qxt 123 yv
epg |5 ena = ] v (5] -ena [57] -ea |- 5

Using (14) in the I.h.s. of the above equation, we obtain

o a
Zm,n,r,s:—oo a]m,n,r,s (x' YD, Q) tmwhvrTw?
2@ [pxu
_Za % lalpq ( )
() pxt D& [ px\¢
X o () S o (22)

[C]p,q!
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@) yyiceo 23 ywy)
?°=0 [f]:q! (y?) Z}'=0 [j')]:_q! (yT)]
xz;‘;o—(‘“k”(.g) () + iy, B2 (2)°

[K]p, 3vw 3~a 0[a] 3

() (px cp(2)
Li=o [Z]:_q (p t) Lo ([Z)qu(sut)

() ryw D s
?°=0 [f]p'q! (y?) Zﬁo [j')]p,q! (yT)]
Cotpl®) (=)

[k]p,q!

- ye, 2 (e g 2 (o)

]
© (—1)Cp('§) (ﬁ) e (2) (3)

[clp, 3ut =041y,

(J) 1k (2)
;00[]] ( ) Zk 0L(3vw)k

%+ (b)+(§)+a+b+c .

o Zezo(~1)¢ 2=

a+b+c
[alp,q'[blp,q'lclp,q* (3)

X Yieo

3vw

Xua Ctb c

XZU Ozk 0( 1)k

3

D\, (1) (K .
( J+()+(5) (y)z+1+k ik ik
[ilp,q'Ulp.q'klp,q*

p( )+( )+(z)+b+cqa (_)a+b+c a Ctb c
la] pq'[b]pq'[c]pq 3

+5 200 Lo (-1
(1 )+(%) (y)1+]+k ity ik

pq'U p.a'klpq!

X =0 Zimo ("D e —,

3

&+ ( )+(2)+c a+b a+b+c
Cp— x a—c¢+b—c
b 0Z 0( D alp,q'[blp,q'lclp,q! (3) v
( )+ (1)+(’2<) i+j+k
k— Y
X; ozk 0( 1) [ip.q!i1p.q!Klp,q! (3)
X pi-kyik, )

Replace a,b,i and j by m+cn+c,r+k and s+k
respectively in the right-hand side of equation (41), we get

a
??L,n,r,s:—oo ajm,n,r,s (x, YD, Qumttv'w?
MAC) L (MFCV L (S)+m4n+3c
(MFR(CIRR

u P 2
=3 ‘?Z,n:—oo ?:0(_1)C

x m+n+2c
x (%) u
3

er——oo Zk 0( )k

y r+s+2k
X (5) vws

[m+clp,q!n+clpqllclp,q!
mtn
P2+ (31)+(5)

[r+klpq!ls+klpq!lklp,q

(m2+c) ("+C)+(C)+n+2cqm+c

[m+clpqlntclp,qllclpq!

+ Z‘I’Yl ‘I‘l.——OOZ 0( 1)C £

x m+n+2c
x (%) u
3

ers_—ooZk 0( 1)k

y r+s+2k
X (5) vws

mtn

("33 (3)

[r+klpq!ls+klpq!lklp,q

(m;—c) (n+c)+(5)+c m+n+2c

_1lyo c?
3ut &mn=-o ( 1) [m+c] pql[n+c]pq [c ]p q!
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By equating the coefficients of t™w™v"w* in (42), we get
relation (39).
In same way, we get the relation (40).
Theorem 3.2. The polynomials sequence J,,, , s (X, ¥; p, @)
satisfies the next recurrence relation
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Proof. Differentiating (18) with respect to u and using (11),
we find
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By using relation (6), we obtain
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Replace a,b,i and j by m+c,n+c,r+k and s+k
respectively in the right-hand side of equation (41), we get
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Comparing of both sides, we get the relation (43).

Similarly, way differentiating (18) with respect to t,v and w,

we find relations (44), (45) and (46) respectively.

Theorem 3.3. For polynomial J,, , (x,¥; 4, B; p, q) holds
p(HERHRHE) (E)m+n (Z)r+s B
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© p(2)+(§) X ¢ y ke
c,kzom(g) (;) ]m+c,n+c,r+k,s+k(x:y; D, Q) (47)

Proof. Using generating function of polynomials
Jmnrs(y;p,q) and definition expression for functions
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Using the relation (1.6)
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Comparing of the coefficients of u™t™v"w* of the above
equation, we obtain the required relation (47).

Conclusion

In this paper, we introduced a (p, q)-analogue of the two-
variable Humbert function within the framework of post-
quantum calculus. By employing generating-function
techniques and the properties of (p, q)-exponential functions,

we derived an explicit series representation of the proposed
function and established its associated generating functions.
Furthermore, several fundamental properties  were
investigated, including symmetry relations, parity identities,
and limiting relations connecting the proposed function to its
classical and (g)-analogues.

We also derived differential and recurrence relations
involving the parameters and arguments of the newly defined
function. In addition, a polynomial identity was established,
providing further insight into the algebraic structure of the
proposed family of functions. These results extend selected
properties of classical Humbert functions to the (p,q) -
calculus setting and enrich the existing theory of
multivariable special functions.

The findings of this study provide a theoretical foundation for
further investigations into the analytical properties,
computational representations, and potential applications of
(p, @) -Humbert functions. Future research may focus on
developing symbolic algorithms, numerical approximation
methods, and application-oriented models in mathematical
physics and engineering computation, as well as exploring
further connections with other families of generalized special
functions.
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